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Abstract 

The characteristic angle (CA) method is employed to investigate the ground state configuration and the spin-wave 
excitations of a spin-one magnetic multilayer with single-ion anisotmpies. More quantum fluctuations can be considered 
through the CA approach than through the conventional method. The results show that only one nontrivial spin configuration 
is the physical one although one can find many other possible ones by minimizing the ground state energy. We also draw 
the rather general conclusion that the low-temperature specific heat may have a peak in the vicinity of the critical field at 
which the system transits from the trivial spin configuration to the nontrivial one. 

1. Introduction 

Magnetic multilayers have attracted attention re- 

cently because of a series of fascinating properties 

[ 11. Much of the interesting physics that occurs in 
such systems is due to the coupling across interfaces 

and the effect of having a surface. Unfortunately the 

nature and strength of interactions across an interface 
are difficult to measure directly. One method of inves- 

tigating surface and interface magnetism, which has 
been proven useful in studies of ferromagnetic films 

and multilayers, is to probe the spin-wave excitations 
of a magnetic system [ 2,3]. Since the spin-wave exci- 

tations are also important for thermodynamic proper- 
ties of such systems, it is interesting to investigate the 

spin-wave spectra of a magnetic coupled multilayer. 
Many approaches have been developed to discuss 

the ground state configurations and the spin-wave ex- 
citations of the magnetic multilayer systems [4-91. 

Recently, for a multilayer system coupled by thin films 

with differently directed magnetic “easy-axes”, the lo- 

cal coordinates (LC) method was developed to ex- 

amine its physics properties at low temperature [ 8,9]. 

The spin configuration in the ground state was de- 
termined by the variation method, and the spin-wave 
excitations were obtained using a Holstein-Primakoff 

(HP) transformation in a harmonic approximation. 
The “capping effect” was discussed based on this ap- 

proach [ 91. 
However, such a method is found invalid for the 

systems with any “easy-plane” single-ion anisotropy 

(II,(S~) > 0). If we apply the LC method 
to study a magnetic multilayer which contains some 
“easy-plane” single-ion anisotropies, we find that for 

any possible spin configuration which is obtained by 
minimizing the ground state energy, there always exist 
some excited states with imaginary or negative excita- 
tion energies. Actually, a quantum fluctuation which is 
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very significant in the case of “easy-plane” anisotropy 

has been neglected by the conventional LC method. 
The characteristic angle (CA) method was developed 

to consider such a quantum effect in the spin-one 

case, and it has been applied successfully to discuss 

some particular three-dimensional “easy-plane” mod- 
els with uniform anisotropy [ lo,1 I 1. In this paper, we 

will generalize the CA method to investigate an arbi- 
trary spin-one magnetic layered system with single- 
ion anisotropies (both “easy-axis” and “easy-plane”). 

With the help of the CA approach, we find that ( 1) 

only one nontrivial spin configuration among so many 
is the physically permitted one which can be exam- 

ined by experiments, all the other nontrivial spin con- 

figurations are not physically permitted; (2) the low- 

temperature specific heat may have a peak in the criti- 

cal field where the system transits from the trivial spin 
state to the nontrivial one. 

This paper is organized as follows. The results of 

the conventional LC method are briefly outlined in 
Section 2, and Section 3 is devoted to presenting the 
results calculated by the CA method. Conclusions are 

summarized in the last section. 
The Hamiltonian of a magnetic coupled multilayer 

is given by 

m,r m r 

where 7n, m’ are the numbers of layers, and t, t’ are 
the vectors of lattices on the (x, y) plane. Im,ntt > 
0 are the exchange constants and only the nearest- 

neighbor interaction is considered in this model. {Dm} 
are the single-ion anisotropy constants. Some of the 
anisotropies will be the “easy-plane” ones (D, > 0) 

while others will be the “easy-axis” ones (D,, < 0). 

An external magnetic field h is applied along the z 

direction. 

2. The local coordinates method 

Following Ref. [ 81, the local coordinates (LC) sys- One easily understands that the eigenvalues {A,} of 

tem (x,, ymr z,) is introduced in the Hamiltonian. In the matrix {M,,,mt} should be the bifurcation points 

the LC system, the x, and zm axes are rotated by an below which every nontrivial solution of Eqs. (3) can 

angle 0, which may be different from layer to layer, appear. Taking the solution of the linearized equations 

and the ym axes are the same as the original one. Thus 
we have the LC transformation 

The HP transformation [ 121 is applied to study the 
spin deviations. After these transformations, we get 

H = U” + H” + H” + 0 I 2 . . . . (2) 

The spin configurations (6,) can be obtained by min- 
imizing Ut, which gives 

c I m,mfl sin( 8, - 0,,t ) + h sin enr - D,, sin 8, cos en, 

m’ 

=0, m= 1,2 ,..., L. (3) 

Eqs. (3) are just the same as the condition HF = 0 
[ 8]. HZ can be diagonalized by a Bogolyubov trans- 
formation. Finally, the Hamiltonian becomes 

H=CI1,+C~~(k)ru~(k)a,(k)+..., 
m.k 

(4) 

where Ei( k) is the magnon dispersion relation of the 
system. 

The nonlinear equations (3) may have many possi- 
ble solutions, which correspond to many possible spin 

configurations. For example, (0, = 0, m = 1,2,. , .} 
or (6, = m-, m = 1,2,. . .) are the trivial solutions. 

However, there may be some nontrivial solutions 
which are bifurcated from the trivial one. Since the 
deviations (0,) should be small in the bifurcation 
point, it is reasonable to linearize the nonlinear equa- 
tions (3) around the bifurcation point. Thus we may 

obtain the linearized equations 

c M m,mreml =ht?,, m= 1,2 ,..., (5) 
m 

where the elements of the matrix {M,,,,,,!} can be 
found as 
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(5) as the input “guess solution” of the nonlinear 
equations (3)) we can finally obtain each nontrivial 

solution of Eqs. (3) with the help of a computer. For 
the sake of simplicity, we will denote such nontrivial 
spin configurations by their bifurcation points, i.e. the 

hi spin configuration is bifurcated from the trivial one 
at the field h = Al, etc. 

Now, we will present the numerical results calcu- 
lated by the LC method. As an example to illuminate 

the main idea, we will study the following model, 

I nr,m = 1m.m~ = I, h = h/L 

D,, = Dn*/Z = 2.0, m= 1,2,5,6,9,10, 

b,,,=D,,/I=-2.0, m=3,4,7,8,11,12. 

Supposing AI > A:! > . . . > A12, there should be 12 
nontrivial spin configurations. 

Substituting these solutions into Eq. (4)) we obtain 
the spin-wave spectra in every spin configuration. Un- 

fortunately, the calculations show that every nonrrivial 

spin configuration is unstable. Examples are given in 

Fig. 1 for the AI configuration and in Fig. 2 for the 
A2 configuration. One may find that some k modes of 

magnons have imaginary (Fig. 1) or negative (Fig. 
2) excitation energies in these configurations. 

Then the question arises: are the nontrivial spin con- 
figurations in such system really unstable, or is the LC 
method not applicable to such systems? 

3. The characteristic angle method 

In this section, we will use the characteristic angle 

(CA) method to study those spin configurations. 
First, we will show that an important kind of quan- 

tum fluctuation has been neglected by the conventional 
LC method. Let us consider the single-ion anisotropy 
term D,, ( Sit)’ in Hamiltonian ( 1) . After an LC trans- 
formation, this term will be transformed to 

(S~1)2=c0s2Bm (S2)*+sin28, (Si;)2 

+ sin 8,, cos 19,~ ( S,‘; Si; + Sir Sir > . (7) 

The second term in the above equation can be rewritten 

as 

sin2 & 
= ~[(~~)2+(s,-)2+S,+S,-+S,-S,fl. (8) 

The off-diagonal terms ( SL > 2 + ( S; > 2 in Eq. ( 8) have 
the tendency to mix the single-site spin state In) with 
In +2) In - 2) t o f orm the proper eigenstates. How- 

ever, if a HP transformation is applied naively to the 
Hamiltonian, such an effect is completely neglected 

because the above terms have no contributions to the 

constant term l$ by the HP transformation. Unfor- 
tunately, such a quantum effect is very important and 

must be considered when the “single-ion” anisotropy 

is an “easy-plane” one. It should be noted that the 

spin-states mixing effect is completely a quantum ef- 

fect which has no classical counterpart. The charac- 

teristic angle (CA) transformation [ 101 can be used 
to consider such a quantum effect by some variational 

parameters {4m}. Following Ref. [ IO], the CA trans- 

formation can be given by 

+sin& S,T(r)exp[irrS$(r)], 

s;(r) =cos+nr S;(r) 

+sin&exp[-iz-$;(r)]$(r), 

Q(r) = ~[S~W,S,TWI-. (9) 

The spin operators are transformed to a new set of 
quasispin operators { 3; ( r) , e (r) } which have been 
proven to obey all the spin-one operators’ commu- 

tation rules [lo]. {d,,} are the characteristic angles 
which are a set of variational parameters. 

Applying the LC transformation, the Hamilto- 

nian is represented by the LC spin operators as 

H( {d,}, {Sz, Sir, Si;}). Then we should transform 
the Hamiltonian by the CA transformation (9) to 

incorporate the spin-states mixing effect. The trans- 
formed Hamiltonian H( {&,,, +,}, {s$, ,!$y, s2}) 
must have exactly the same eigenvalues as the origi- 
nal one since the CA transformation is an orthogonal 
one. Then the HP transformation is used to transform 

the quasispin operators into Bose ones. Thus, we get 
the following Hamiltonian, 

H=UF+HF”+HY+..., 

where 

(10) 
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Fig. 1. Magnetic properties of the At configuration in the LC method. (a) Some variational parameters as functions of the external field. 
(b) Magnon excitation energies as functions of k,a when h = 0. 
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Fig. 2. Magnetic properties of the AZ configuration in the LC method. (a) Some variational parameters as functions of the external field. 
(b) Magnon excitation energies as functions of kxa when h = 0. 

ur = -: c I,,,Z cos2 2qhm + h sin 8,, (cos & - sin C& ) 

m + D, sin B,, cos 8, (cos c$,, + sin &, ) ] 

NS -- X (12) 
2 c I”,.~! COS(~, - en,,) cos 24b cos 24ml 

c b;(r) +Gn(r> I? 
nt,nt’yin r 

-hNsx cos 8, cos 2qbm and Hy can be written in the momentum k space for 
“* the x-y plane as 

;c -- D,sin26, (1 +sin2&,,) + N,cD,, 
m 

m (111 

HF=cc cym~(kB)a~w&n~(k) 
nt,m’ k 

x (COS4J”l - sin #Jo ) cos 2&t 
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~;,,,tW) = 4n,n1ztCos~&4,1 - Yk) 

5 sin* 6, ( 1 f sin 24,) - D, cos* 6, 
+2 

+ h cos em cos 24”, 

+ C I”,,“,~ cosc 6, - em1 ) cos 2b cos 2dbl , 
I’ 

(14) 

= -$~“,,,~{[i +cos(e, - edi COSC+~ - dhd 

+[l -cos(e,-e,,)Isin(~,+~,,)}, 

m#m’, (15) 

GC,,,(k,O) = $[-fl,,“,Zsin4+“, 

+ 2 sin* t?“, cos 2+“, - h cos e”, sin 2+“, 

- 
c I”,,“,~ COS( 6” - emI ) cos 2&! sin 24”,] 

ml 

+ iI,,,Z sin &&yk9 (16) 

G$,,4k,W 

= ~~v,,n,r{u -cos(e,-e,,>icos(~,--~l) 

+ [I +cos(& - 4Jl Wb, +hd)}7 

m #ml. (17) 

Yk = (l/Z) &exp(ik - r), where Z is the number 
of the nearest-neighbor sites. N, in these equations is 

the number of lattice sites in one layer. 

One may see that the spin-states mixing effect has 
been comprised in the constant term of the Hamilto- 

nian, 

lJF=c ( UC + su (18) 

where Uk is the constant term in the conventional LC 

method, and 

SU = 2N, c I”,,“,, cos( 8”, - emI ) sin* 4, COS* tpml 

nr,m’jm 

+ 2N, c hn Z sin2 & cos2 #m 
m 

_- $c D, sin* e, sin 2q& 
nr 

+ 2hNs c cos 8, sin* & 
“I 

(19) 

is an additional term which describes the spin-states 

mixing effect. 
The variational parameters 0, and &, are deter- 

mined by minimizing the ground state energy, which 

yields the following equations, 

= 
c I,.,( sin( en, - e,, ) cos 24”, cos 2& 

“I’ 

+ h sin 6”, cos 2+“* -D, sin Bnt cos 6, ( 1 +sin 24”* ) 

= 0, 

1 dtYJ; -- 
N, d4”, 

(20) 

= 
c I,,“,, COS(~, - em,,) sin2#“, COS~@“,~ 

“I’ 

+ I”,,,Z sin 24, cos 2& - + sin* e,, cos 24”, 

+ h cos enr sin 2#“, = 0. (21) 

It can be checked that Eqs. (20) are just the same 

as the condition II? = 0 (Eq. ( 12)). Eqs. (20) 

can be linearized to the same equations as Eqs. (5). 
Thus, we can numerically find every nontrivial solu- 

tion {e,, &,} which is bifurcated at the correspond- 

ing fields hr. 
Substituting the solution of Eqs. (20), (21) into 

Hamiltonian ( lo), and diagonalizing the correspond- 

ing Hamiltonian in a harmonic approximation, we 

have 

H= U; + ~l$;(k)a;(k)a,(k) +. . . , 

nr,k 

(22) 

where I$!( k) is the magnon dispersion relation of the 
system in CA method. 

Now we present our numerical results based on the 
CA approach. We have studied every possible spin 

configuration. The results show that only the AI spin 

configuration is the physical one. As shown in Fig. 3 
which is for the Al spin configuration, the spin wave 

excitation energies calculated by the CA approach are 
all positive. However, for the A2 spin configuration 
which is shown in Fig. 4, there is still a branch of spin 
waves unstable although more quantum fluctuations 
have been considered through the CA approach. 
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Fig. 3. Magnetic properties of the At configuration in the CA method. (a) Some variational parameters as functions of the external field. 
(b) Magnon excitation energies as functions of kxn when h = 0. 
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Fig. 4. Magnetic properties of the A2 configuration in the CA method. (a) Some variational parameters as functions of the external field. 

(b) 

(b) Magnon excitation energies as functions of kxn when h = 0. 

We should give an explanation why only the At spin 

configuration is believed to be the physical one. Since 

the nontrivial solutions are bifurcated from the trivial 
one, in the vicinity of the bifurcation point h = Al, 

the trivial spin state must be required to be a phys- 
ically permitted one. Otherwise, the bifurcated non- 

trivial spin states must also be unstable (at least at 

this point) ! Putting the trivial solution { 0, = 0, &,, = 
0) into Eqs. ( 14)-( 17), we can obtain the the spin 
wave spectra by diagonalizing the corresponding ma- 
trix. With the help of Eqs. (5)) (6)) it is very inter- 
esting to find that the spin wave spectra in the trivial 
spin state are just 

&=h-h,+IZ(l-?G), m=1,2 ,..., L, (23) 

where A,, are the bifurcation points obtained previ- 

ously. Since At is the largest value among {Al}, the 
trivial spin state is stable only when h > At. Thus, 
only the nontrivial spin state which is bifurcated at AI 

may be stable, other nontrivial spin states are unsta- 
ble from the very beginning. Take the A2 configura- 

tion as an example. When h = At, we get from Eqs. 

(23) that the spectrum for the lowest mode is Et = 
A2 - At + ZZ( 1 - ok). It is easy to check that the ex- 
citation energies are negative for some modes of the 
magnons, which implies the instability of the A:! spin 
configuration. 

Thus, we understand that the instabilities of the non- 

trivial spin configurations predicted by the LC method 
(Figs. 1,2) are of different origin: the Ai spin config- 
uration is not really unstable but the LC method fails 
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Fig. 5. Magnon excitation gap as function of the external field. 

to consider an important kind of quantum fluctuation; 

however, the other configurations are not physically 
permitted ones so that they cannot be stable even if 

one considers more quantum fluctuations. 

It is interesting to draw a rather general conclusion 
from Eq. (23) : the magnon excitation gap is zero in 

the vicinity of the bifurcation point (A ( ht ) = 0). This 
conclusion is also confirmed by Fig. 5 where a magnon 
excitation gap has been shown as the function of the 

external field. It should be noted that such a conclu- 

sion is independent of the model parameters. We will 
show that the critical field At can be determined by 

experiments. Supposing the system is at very low tem- 
perature so that only the low-lying spin-waves can be 

excited, then the low-temperature specific heat C’,, is 

calculated as 

(24) 

One may expect that the magnons are more easily ex- 

cited when the gap is lower. C,, as a function of the ex- 
ternal field h is shown in Fig. 6, where the temperature 

has been set to &J/Z = 0.0 1. The specific heat C,, is re- 
markably high when the external field is near the criti- 

cal field. By the way, Eq. (24) is not applicable to the 
critical point, since the present 2-D magnetic system 

at finite temperature is unstable in this point because 
the spin wave excitation is gapless. However, in ex- 

periments, by measuring the low-temperature specific 
heat when altering the applied field, one can always 
find this critical field At when C,, drastically increases. 
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Fig. 6. The low-temperature specific heat as function of the external 

field. 

Since the value of ht is determined by the single-ion 

anisotropic parameters {&,}, this effect may provide 

a method to measure the value of the anisotropic pa- 

rameters. 

4. Conclusions 

In this paper, we have examined the ground state 
properties and the spin-wave excitations for a spin- 

one magnetic multilayer system which contains 

both the “easy-plane” and the “easy-axis” single-ion 

anisotropies. We first briefly presented the results by 

using the conventional LC method and showed that 
the nontrivial spin configurations are all unstable in 

the LC method. Then we investigated such systems 
with the help of the CA method. Comparison showed 

that more quantum fluctuations are considered in the 

CA method. The results based on the CA approach 
show that only one nontrivial spin configuration is 
physical, and the critical field in which the system 

transits from the trivial spin configuration to the 

nontrivial one can be determined in experiments by 
measuring the low-temperature specific heat. 
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